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Abstract—The frequency of relaxation oscillations in a
heavily damped quantum well laser, as a function of injection
current, have been measured with an accuracy as good as 0.3%
using a new method involving averaging of many, real-time,
individual, relaxation oscillation events. This accuracy represents
at least a six fold improvement compared to that obtained by the
standard RF spectral analysis method applied to the same
system. This accuracy enables critical comparison of
experimental results with standard theory and suggests
systematic variation of the experimental values from expected
theory. This motivates further developments in the theory of
relaxation oscillations in quantum well semiconductor lasers.

I. INTRODUCTION

Relaxation oscillations (RO’s) in output power are a
characteristic of many classes of lasers. Knowledge of the
relaxation oscillation frequency of a laser has particular value
in determining a number of fundamental laser variables, hence
enabling predictions about the behaviour of a laser functioning
under a given set of operating conditions. In optical
communications highly damped semiconductor lasers are
employed as the source of choice for launching light into fibre
optic cables. As a consequence of the strong damping,
relatively few low amplitude relaxation oscillations occur
during any disturbance to the laser. This can make
measurement of the relaxation oscillation frequency a difficult
task.

Measurement using a radio frequency (RF) spectrum
analyser is common practice with lightly damped lasers, but is
insufficient for obtaining high accuracy measurements with
short, low amplitude, relaxation oscillation trains. The latter
spectra are highly affected by noise. An alternative method is
to increase the signal to noise ratio (S/N), by collecting and
averaging many single relaxation oscillation events using a
digital signal oscilloscope. In this work the two experimental
methods have been compared both in terms of
accuracy/precision and convenience. The availability of real-
time oscilloscopes with multiple GHz measurement
bandwidths has made real-time capture of relaxation
oscillation events possible. Only relaxation oscillations up to
the frequency of the oscilloscope bandwidth can be measured
in this manner, however. RF spectral anaysis will still remain
the preferred method of measurement for relaxation

oscillations in the 6- 40 GHz bandwidth. The relaxation
oscillation frequency is the frequency of the quasi-sinusoidal
oscillations about the steady state output power amplitude that
occur during the disturbance of a continuously operating laser.
Such oscillations are characterised by exponential damping.
The spiking of a laser diode output can be described using the
set of two single-mode rate equations [1]. Firstly, the rate of
change of cavity photon number is given by:
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where S is the photon number, �ph is the photon lifetime, G is
the normalised gain, Ktot is the enhancement factor of
spontaneous emission and Rsp is the rate of spontaneous
emission. The second equation describes the rate of population
inversion:
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where n is the carrier density at a given injection current, Iin is
the injection current, Ith is the threshold current, nth is the
threshold current carrier density, �e is the electron (carrier)
lifetime and V is the junction voltage [1]. By performing a
linearised small-signal analysis of the condition in which a
spiking laser has damped down to small amplitude
fluctuations, predictions of the relaxation oscillation frequency
can be developed using the equation:
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From the laser rate equations it is clear that the relaxation
oscillation frequency should be proportional to the square root
of the difference of the injection current and the threshold
current. Thus, a linear relationship is to be expected when
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relaxation oscillation frequency is plotted with respect to the
square root of the difference between the injection current and
the threshold current.

II. EXPERIMENT & RESULTS

The bench setup utilised in this experiment consisted of an
STC QW semiconductor laser with a nominal threshold
current of 43.5 mA, lasing at ~850 nm. The laser was powered
by a continuous current source, Profile Laser Diode Combi
Controller ITC 510. It was typically operated at a temperature
of 28.0°C. The light signal was focused by a converging lens
onto an Alphalas GmbH Ultrafast Photodiode UPD-40-VSI-P.
The detector had a rise time of less than 40 picoseconds, with
a potential bandwidth of 25 GHz.

Two experimental methods were carried out. Firstly, a
Tektronix 2754P Programmable RF Spectrum Analyser, with
a nominal frequency readout accuracy of ±30 KHz at 1 GHz,
was used for direct measurement of the RO frequency from
the main peak of the RF spectrum. The signal amplitude was
close to that of the noise due to the low S/N ratio for the
heavily damped RO’s. Discerning the weak RO signal from
the random noise in the instantaneous laser light output was a
highly involved, laborious undertaking.

In the second experiment the output was analysed using an
Agilent Infiniium 54854A Digital Signal Oscilloscope (DSO).
The oscilloscope was operated with a maximum detectable
frequency of 4 GHz and collection rate of 20 GSa/s. The
oscilloscope was set to record 1024 averages at each laser
injection current. The oscilloscope was operated on high
sensitivity as the frequency of the signal was in the multiple
GHz range. An example time -averaged trace is shown in Fig.
1 and the relaxation oscillation frequency versus injection
current in Fig. 2. The error bars associated with individual
measurements of the RO frequency in Fig. 2 are smaller than
the symbol points.

Two methods were compared to determine the best means
of analysing the time averaged RO event traces. The first was
to directly inspect each individual time -averaged trace. The
second was simply to use the inbuilt Fast Fourier Transform
(FFT) tool that is part of the DSO software. Applying the
direct approach to the wavetrain shown in Fig. 1. the period of
20 oscillations (as indicated by the vertical broken lines) was

Figure 1. DSO trace of the time averaged relaxation oscillation events for an
STC QW semiconductor laser. Injection current is 52 mA.
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Figure 2. Relaxation oscillation frequency versus square root of injection
current minus threshold current as determined from direct measurement of the
period of multiple oscillations in the averaged timescale waveform.

measured. The average period and frequency of the individual
oscillations was then calculated. The markers were
subsequently adjusted and the measurements repeated to
account for the resolution error The resolution error in the
average RO frequency was taken to be equal to two standard
deviations of the mean.

Fig. 3 shows an example of an FFT spectrum determined
from the time-averaged trace shown in Fig. 1. The abscissa is
scaled in terms of frequency, as compared with time for Fig. 1.
The main peak, that of highest amplitude, corresponds to the
RO frequency. The resolution error was determined by
zooming into the spectrum as far as possible, then clicking the
cursor on the pixel adjacent to the peak centre. The error was
calculated as half the difference in frequency between adjacent
pixels.

Fig. 3 displays multiple peaks, each distributed with equal
spacing. A possible interpretation could be that relaxation
oscillation events occur within the laser over a range of
harmonic frequencies. However, direct measurement of the
RO period in Fig. 1 implies that only the major peak in Fig. 3
corresponds to the true RO frequency. The harmonics
observed in the FFT spectrum result from nonlinearities in the
detection and the FFT algorithm. No overlap of these
subsequent peaks was observed in any of the FFT spectra,
which means that there is no danger of these harmonics
compromising the results of analyses performed utilising this
method.

The results of the experiments with the DSO and the RF
spectrum analyser showed, as expected, that the DSO enabled
a more accurate determination of the laser RO frequency with
respect to injection current. In addition, the range of injection
currents over which the RO frequency was measured was far
greater using the DSO, whereas the signal became simply too
weak to measure with the RF spectrum analyser outside of a
limited range. The results of both experiments are plotted in
Fig. 4. The data are consistent in the region in which both
instruments were able to display a signal. This provides
convincing evidence that the RO frequency can be accurately
measured using both of the instruments. However, the
precision of the direct measurement technique is far superior
to the instantaneous RF spectrum analysis. The error bars are

498

Authorized licensed use limited to: MACQUARIE UNIV. Downloaded on February 16, 2009 at 21:13 from IEEE Xplore.  Restrictions apply.



smaller than the symbol points of the DSO plot, whereas the
RF analyser measurements are uncertain to between 30 – 60
kHz.

The purpose of the experiment was to evaluate various
methods for the determination of the relaxation oscillation
frequency and test the validity of (3). The RO events of the
laser output were measured with respect to injection current
over the range between the threshold current of 43.5 mA to a
maximum of 70 mA. Table 1 displays the errors associated
with each measurement method within specified injection
current ranges.

It was clear that neither of the methods investigated were
satisfactory within 1.3 mA of the threshold current, where the
RO’s are simply too weak to be detected. A RO signal could
not be isolated using the RF spectrum analyser, within 4.5 mA
of the threshold current. By taking averages using the DSO the
S/N ratio was increased to the point where a signal was
observed at injection currents as low as 44.2 mA. However,
below an injection current of 45.6 mA, the RO trains were too
short to allow precise analysis; the FFT calculation and the
direct period measurement yielded conflicting results. These
two methods of analysis are viable only when at least two
consecutive oscillations are observed.

Both the RF spectrum analyser and DSO were effective in
the current range 48 – 56 mA, where the RO signal was
strongest. Between ten and twenty oscillations were visible in
the time-averaged traces. The two measurements derived from
the time-averaged waveform agree quite well. This indicates
that using the FFT method, which is quicker than the direct
measurement, is acceptable in this range of moderate injection
currents. The direct period measurement is superior in terms
of precision, although this method of analysis takes longer to
perform than the FFT calculation.

At injection currents higher than 56 mA, the relaxation
oscillation signal in the RF spectrum becomes negligible. At
best the peak of highest amplitude was only 6 dB above the
noise floor on the display. There is obviously a limitation in
the application of this instrument for the measurement of
highly damped relaxation oscillations. While not as fast as the
RF spectrum observation, analysis via the DSO harbours two
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Figure 3. Fast Fourier Transform of the time-averaged trace of RO events at a
laser injection current equal to 52 mA, as seen in Fig. 1.
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Figure 4. Comparison between relaxation oscillation frequency versus the
square root of injection current minus threshold current, as determined by
direct timescale measurement and by RF spectrum analysis in the range 44.2 –
70 mA.

major advantages: a 5-10 fold improvement in the error
bounds as well as an expanded range of measurement. The 32
fold improvement in S/N obtained by recording 1024 averages
is obviously the most influential factor in this outcome.
Between 56 – 70 mA, measurements could only be made with
the DSO, with decreasing precision. A signal could not be
isolated on the RF spectrum analyser.

In terms of the time required to collect a measurement, it
was still necessary to watch the RF spectrum output for a
number of samples, at any given current to observe the
variation in the peak of highest amplitude and in effect
perform a rough, visual average. This is quite unsatisfactory
and leads to excessive error. Approximately five minutes was
required to collect 1024 averages of the light output with the
DSO. The improvement in accuracy that results from this
procedure outweighs the disadvantage in the time
requirements. Measurement of the period required for multiple
wavelengths in the timescale waveform is virtually
instantaneous when undertaking an FFT analysis and requires
perhaps one minute by the direct method followed in this
experiment. In an application where the RO frequencies of a
laser were to be measured often, the FFT analysis of the
average appears to be sufficient. However, the algorithm
produces conflicting results at the extremities of the injection
current range compared to direct measurement. This was
generally the case where there were relatively few RO trains
in the time-averaged trace. The minimal investment of
additional time for analysis by direct inspection of the
waveform should garner the most accurate and precise results
across a wider current range than a rapid RF spectrum scan
can provide.

It is quite clear that there is a near linear relationship
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TABLE I. RELATIVE ERRORS IN THE MEASUREMENT OF RO EVENTS FOR
THE LASER DIODE ACROSS A RANGE OF INJECTION CURRENTS

Injection
Current

Range (mA)

RO Frequency Error (%)

DSO
Direct

Measurem
ent of
Time-

Averaged
Trace

DSO Fast
Fourier

Transform of
Time-

Averaged
Trace

RF
Spectrum
Analyser

44.2 – 45.6 4 - 20 5.6 - 13 NA
45.6 – 48 0.8 – 1.3 3 – 5.6 NA
48 – 58 0.3 – 0.5 0.6 – 1.3 2 – 6.4
58 – 70 1.2 – 2.3 0.6-1 NA

between the RO frequency and the square root of injection
current minus threshold current. However there was some
deviation from theory, as indicated in Fig. 2, where a slow
upward drift in RO is perceptible at high injection currents.
There is a transition between sublinear RO measurements at
low injection currents to superlinear values at high injection
currents. Consideration of the coefficient of determination
(R2), which is a measure of the degree to which the total
variation in y can be explained by the linear relationship
between x and y, indicates that a review of (3) is warranted
[2]. The R2 value for Fig. 2 is 0.9803, meaning that 98.03% of
the varation in RO frequency is explained by the linear
relationship.

Two major revisions were made to Fig. 2, the results of
which are shown in Fig. 5. The first was to exclude part of the
superlinear data at high injection currents. The second was to
remove the restriction that the line should pass through the
origin. The resulting R2 value of 0.9985 implies a marked
improvement in the linearity of the data, where 99.85% of the
RO frequency variation is explained by the linear relationship.
However, some justification for these changes is necessary.
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Figure 5. RO frequency versus square root of the difference of injection
current and threshold current as determined from direct measurement. The
plot is resticted to moderate injection currents and is not forced through the
origin.

The first revision was made because the data at high
injection currents simply does not appear to be linear. It is
possible that non-linear changes in the damping of the laser
semiconductor material occur at these high currents, which
would explain this observation. Another possibility is that
there is some RF interference in the measuring instruments
which surfaces only at high injection currents. From the data
obtained in this experiment, it would appear that in the higher
injection current range, (3) doesn’t satisfactorily describe the
behavior of the laser output.

The second change was performed since the RO frequency
could not be accurately measured at the threshold current. It
was simply assumed to be zero earlier. Relaxing this
restriction resulted in a better fit of the linear regression line to
the data, providing further support to the validity of (3). The
resulting x-intercept in Fig. 5 does not pass through the origin,
but substitution into the equation of the linear regression line
yields a threshold current of 43.58 mA. This is within error of
the nominal 43.5 mA threshold current of the laser. While
complete confidence can not be invested in (3) across the
entire range of laser operating conditions, it remains a
valuable aid in approximating such variables as the photon
lifetime and the carrier lifetime, by simply measuring and then
substituting the RO frequency.

When measuring the relaxation oscillation frequency of a
highly damped semiconductor laser, the weak nature of the
signal necessitates some form of signal amplification or noise
reduction. The capabilities of the RF spectrum analyser used
in this experiment were not as advanced in this respect as the
DSO. The consequence was that the DSO enabled
observations of the relaxation oscillations across a much wider
range of laser injection currents and also provided data with
considerably greater precision. It has been clearly shown that
much improved accuracy can be obtained by time averaging,
weak RO events. The experimental method is readily
applicable to all laser systems. While the RF spectrum
analyser is a well established tool and is the device of choice
for the measurement of RO frequencies for lightly damped
lasers, it is simply not appropriate for measurement of the
weak RO signals in the output of heavily damped lasers. The
precision of the new method for measuring RO frequency is
such that the deviation of experimental results from theory at
high injection currents is meaningful and warrants further
investigation.

ACKNOWLEDGMENT

This research was supported by the Australian Research
Council and Macquarie University.

REFERENCES

[1] K. Petermann, Laser Diode Modulation and Noise, Advances in
Optoelectronics, Kluwer Academic Publishers, Dordrecht, 1988, pp 79-
80.

[2] D. Skoog, D. West, F. Holler, S. Crouch, Fundamentals of Analytical
Chemistry, 8th ed., Brooks/Cole, Belmont, 2004, pp 199-200.

500

Authorized licensed use limited to: MACQUARIE UNIV. Downloaded on February 16, 2009 at 21:13 from IEEE Xplore.  Restrictions apply.


